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Stable Neuro-Flight-Controller Using Fully Tuned
Radial Basis Function Neural Networks
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Nanyang Technological University, Singapore 639798, Republic of Singapore

A � ight control scheme in which a radial basis function network (RBFN) aids a conventional controller has been
developed. The RBFN controller, consisting of variable Gaussian functions, uses only online learning to represent
the local inverse dynamics of the aircraft system. With a Lyapunov synthesis approach, a tuning rule for updating
all of the parameters of the RBFN (including centers, widths, as well as the weights of the output layer) is derived,
which extends Gomi and Kawato’s strategy, where only the weights were adaptable. (Gomi, H., and Kawato, M.,
“Neural Network Control for a Closed-Loop System Using Feedback-Error Learning,” Neural Networks, Vol. 6,
No. 7, 1993, pp. 933–946). The proposed tuning rule guarantees the convergence of the overall system and greatly
improves the tracking accuracy. Simulation studies using an F8 aircraft longitudinalmodel illustrate the superior
performance of the proposed scheme. The simulation studies further indicate that the results can be extended to
a dynamic RBFN in which the hidden neurons can be added/pruned, thus producing a more compact network
structure.

I. Introduction

B ECAUSE of their powerful ability in approximatingnonlinear
functions, control laws and design methods incorporating ar-

ti� cial neural networks have been extensively studied. In the area
of � ight control, Calise and Rysdyk summarized some current re-
search efforts toward applying neural network (NN) technology for
� ight control system design.1 Results on nonlinear � ight control
are further presented in Refs. 2 and 3, where the advantages of re-
cent stability proofs for multi-layer-perceptronNN are utilized. It
has been shown that NN with online learning can adapt to aircraft
dynamics that are poorly known or rapidly changing.

NN with online learning capability for � ight control applications
was reported in Ref. 4, where Sadhukhan and Feteih presented an
exact inverse neurocontrollerwith full-state feedback for an F8 air-
craft. The objective of the controller in an autopilot mode was to
closely track the pilot’s throttle and pitch rate commands. Napoli-
tano et al.5 studied the performanceof various NN-based designsof
autopilot systems for implementing a variety of � ight control func-
tions. In most of these applications, a feedforward network with a
back propagation(BP) learningalgorithmor its extentionshas been
the main paradigm. It is known that, when using a feedforward net-
work and the BP algorithm, problems arise with local minima and
saddle points, and the algorithm itself has a very slow convergence
rate. Furthermore, in Ref. 6, limitations of using NN in real world
adaptive control are analyzed, and the future research effort is also
pointed out.

Since the early 1990s, radial basis function networks (RBFN)
with Gaussian functionhave been widely used as the basic structure
of NN in nonlinear control,7;8 due to their good global generaliza-
tion ability and a simple network structure that avoids unnecessary
and lengthy calculations.9 For online implementation, Sanner and
Slotine10 developed a direct adaptive tracking control architecture
usingGaussianRBFN to adaptivelycompensatefor plant nonlinear-
ities. Gomi and Kawato7 proposed a feedback-error-learning con-
trol strategy, where a Gaussian RBFN is used for online learning
of the inverse dynamics of the system. Recently, Polycarpou11 and
Polycarpou and Mears12 have also presented a control design ap-
proach for a class of nonlinear plants, where an adaptive bounding
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technique is employed to handle the unknown network reconstruc-
tion error. In those schemes, the adaptive tuning rules are derived
based on a Lyapunov synthesis approach, to guarantee the closed-
loop stability.However, in aircraft � ight control, there are only lim-
ited papers that explore the application of RBFN. In Ref. 13, Singh
and Wells used an RBFN to suppress wing rock for a slender delta
wing con� guration. Kim and Calise presented the use of RBFN
to capture variations in Mach number in Ref. 14, because these
variations are dif� cult to represent with polynomic functions in the
transonic region. In all of the aforementioned applications, when
implementing the network structure, the number of hidden units,
centers, and widths are always � xed, and then the weights of the
network are estimated. Practically speaking, it is dif� cult to choose
the centers and widths appropriately, especially for online imple-
mentation where the dynamics may be changing. The use of inac-
curate centers usually results in the deterioration of performance.
To overcome this problem, a large number of hidden neurons need
to be recruited, and this, in turn, results in slow online learning.15;16

In comparison to conventional approaches, recently, fully tuned
RBFN have begun to exhibit their potential for accurate approxi-
mation. In a fully tuned RBFN, not only the weights of the output
layer, but also the other parameters of the network (like the centers
and widths) are updated, so that the nonlinearities of the dynamic
system can be captured as quickly as possible.15;17 It is in this con-
text that this paper attempts to explore the use of the fully tuned
RBFN for aircraft control applications. A simple control architec-
ture originating from Gomi and Kawato’s feedback-error-learning
scheme, incorporating a fully tuned RBFN controller, is proposed.
With use of the Lyapunov synthesis approach, a stable tuning rule
for updating all of the parameters of the RBFN are derived and the
local stability of the overall system along the desired trajectory is
guaranteed. In addition, the robustness of the proposed tuning law
in the presenceof the NN approximationerror, as well as the system
model error, is also analyzed.

For comparison purposes, the linearized F8 longitudinal aircraft
model of Ref. 4 is utilized for simulation studies, and the results
demonstrate the ef� ciency of the proposed method. Note that the
proposed scheme can also be applied to control nonlinear aircraft
dynamics. The corresponding work is carred out in Ref. 18. More-
over, a dynamic RBFN with growing and pruning (GAP) strategy
is investigated,and the results indicate that, with the GAP strategy,
the network structure is more parsimonious.

The paper is organizedas follows:Section II gives a brief descrip-
tion of the problem, and Sec. III derives the stable adaptive tuning
rule for a fully tunedRBFN, where the stabilityof the overall system
is guaranteed. A robustness analysis of the proposed scheme to the
approximation error and model error is also presented. Section IV
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presents a comparison study of using a fully tuned RBFN and the
RBFN with only tuning of the weights based on an F8 longitudinal
aircraft model. Section V discusses the dynamic structured RBFN
and presents simulation results. Section VI summarizes the conclu-
sions from this study.

II. Problem Formulation
The aircraft dynamics is represented by a bounded-input/

bounded-outputcontinuous system,

6: Px D f .x; u/ (1)

In Eq. (1), smoothnessof f ( ) is assumed,x is ann £ 1 state vector,
and u is a p £ 1 control vector. It is assumed that f .0; 0/ D 0, so that
the origin is an equilibrium state. In general, the number of control
inputs is less than that of the states (p < n). Under this condition,
only the p states can be trackedperfectly.When x is partitionedinto
xt and xr , the aircraft dynamics can be written as

6:

µ
Pxt

Pxr

¶
D

µ
ft .x; u/

fr .x; u/

¶
(2)

The problem studied in this paper is to design a neurocontroller
such that the given p states xt 2 x of the aircraftcan track the desired
commands xdt accurately, while the other states xr 2 x asymptoti-
callyapproachtheequilibriumpointxdr . Determinationof thecondi-
tionsunderwhich a solutionud.t/ exists forms part of the theoretical
control problem. Based on the earlier studies in Ref. 19, to achieve
theprecedingcontroltarget,the systemshouldsatisfyAssumption1.

Assumption 1: Under Assumption 1, ft .x; u/ has a continuous
bounded partial derivative in a certain neighborhood of all of the
points along the desired trajectory, and the matrix

@ft .x; u/

@uT

is nonsingular.
It followsfromthe implicit functiontheoremthat thedesiredud.t/

can be expressed as

ud.t/ D Nf t .xd; Pxdt / (3)

where Nf t , a p £ 1 smooth function, is the inverse function of ft , and
xd D [xT

dt ; xT
dr ]T .

In the next section, an RBFN will be chosen to approximate
Eq. (3).The main contributionof this paper is usingLyapunovstabil-
ity theory to derive the tuning rule for updatingall of the parameters
of the RBFN.

III. Fully Tuned RBFN Controller
The tuning law for adapting the weights of the RBFN has been

derived in earlier papers,7;10 whereas in this paper, the updating rule
for a fully tuned RBFN controller is derived based on a feedback-
error-learningstrategy.The robustnessof the proposed algorithm is
also analyzed.

A. Control Strategy
A simple control strategy, which is similar to the well-known

feedback-error-learning scheme, is proposed in Fig. 1. This scheme
is adoptedin the study becauseit has the advantageof generatingthe
desired input signal without requiring that the network be trained
initially of� ine. Moreover, the outputs of the neurocontroller unn,
which has fault tolerantability throughonline learning,only depend
on the desired input pro� le.

If all of the states of the system are accessible, the tracking error
e is de� ned as e D x ¡xd. The error dynamics for the overall system
is

Pe D Px ¡ Pxd D f .x; u/ ¡ f.xd; ud/ (4)

Because this paper is only concerned with the local stability of the
system, Eq. (4) can be expanded along the desired trajectory using
a Taylor series. When all of the higher-order terms are neglected,

Fig. 1 Control structure of NN–proportional-derivativecontroller.

Pe D @f.x; u/

@xT

­­­­
x D xd;u D ud

.x ¡ xd/ C O.x ¡ xd/

C @f .x; u/

@uT

­­­­
x D xd;u D ud

.u ¡ ud/ C O.u ¡ ud/ (5)

where O( ) represents higher-order terms. By the substitution of
@f .x; u/=@xT jx D xd ;u D ud by A.t/ and @f .x; u/=@uT jx D xd ;u D ud by
B.t/, and by neglecting all of the higher-order terms,

Pe ’ A.t/.x ¡ xd/ C B.t/.u ¡ ud/ (6)

With the widely used technology of the control con� gured vehi-
cle, the basic airframe may be designed to have low or even negative
static stability in certain � ight regimes. The augmented stability is
then implemented by considering the controller’s dynamics. In this
study, a conventionalcontrolleris used in the strategyto improve the
stability and response of the closed-loop system. This conventional
controller can be realized by any approach like pole placement, lin-
ear quadratic regulator, H1 controller, and so on. To illustrate the
concept, a proportionalcontroller is designed that satis� es Assump-
tion 2.

Assumption 2: The closed-loopdynamicsystem, whose feedback
controller is designed based on the nominal aircraft model, is stable
along its desired � ight trajectory.

With only the linear proportional controller u D K pe, the error
dynamics is

Pe D [A.t/ C B.t/K p ]e ¡ B.t/ud (7)

Although the system is stable according to Assumption2, the track-
ing performance deteriorates greatly because of the existence of
B.t/ud. Therefore, the RBFN controller is used for online learning
of ud. Thus, the total control signal to the aircraft is the sum of the
proportional controller and the RBFN controller,

u D K p £ e C unn (8)

B. RBFN Parameterization
When the RBFN’s inputs ³ are set to ³ D [xT

d ; PxT
dt ]

T , ud can be
approximated by an RBFN through online learning,

ud D u¤
nn C ²h D

hX

k D 1

w¤
k exp

³
¡ 1

¾ ¤2
k

®®³ ¡ ¹¤
k

®®2
´

C ²h

D W ¤T Á.¹¤; ¾ ¤; ³ / C ²h (9)

where W ¤ is an h £ p optimal weight matrix (h indicates the num-
ber of hidden neurons), and Á is an h £ 1 Gaussian function, which
is determined by the optimal centers ¹¤ and widths ¾ ¤. For sim-
plicity, Á¤ is used instead of Á.¹¤; ¾ ¤; ³ / hereafter. With use of
approximation theory, the inherent approximation error ²h can be
reduced arbitrarily by increasing the number of h (Ref. 20). It is
then reasonable to assume that ²h is bounded by a constant ²H , and

²H D sup
t 2 RC

j²h.t/j (10)

If the variables .xd and Pxdt / are in the compact sets, ²H is � nite.
If they are not in compact sets, a scaling mechanism can be utilized
to convert them into a compact set.21
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With the RBFN controller, according to Eq. (8), the control input
vector u is

u D
hX

k D 1

Owk exp

³
¡ 1

O¾ 2
k

k³ ¡ O¹kk2

´
C K pe D OW T OÁ C K pe (11)

where Owk is the estimated weights, O¾k and O¹k are the estimated
center and width for the kth hidden neuron, and OW T and OÁ are the
corresponding matrix expressions. By the substitution of Eqs. (9)
and (11) into Eq. (6), the error dynamics become,

Pe D [A.t/ C B.t/K p]e C B.t/
¡

OW T OÁ ¡ W ¤T Á¤ ¡ ²h

¢
(12)

When J .t/ D A.t/ C B.t/K p , is used, the de� nition of QW is the
difference between W ¤ and OW ; QÁ is the difference between Á¤ and
OÁ; and, neglecting higher-order item QW QÁ, the error dynamics may
be written as

Pe :D Je ¡ B.t/. OW T QÁ C QW T OÁ/ ¡ B.t/²h (13)

where B.t/. OW T QÁ C QW T OÁ/ represents the learning error El .

C. Stable Adaptive Law for a Fully Tuned RBFN
To derive the stable tuning law, choose the following Lyapunov

function:

V D 1
2
eTPe C 1

2
tr. QW T 2 QW / C 1

2
QÁT

3 QÁ (14)

where P is an n £ n symmetric positive de� nite matrix, and 2 and
3 are h £ h nonnegative de� nite matrices. The derivative of the
Lyapunov function is given by

PV D 1
2
[PeTPe C eTP Pe] C tr. QW T2

PQW / C QÁT
3

PQÁ (15)

By the substitution of Eq. (13) into Eq. (15),

PV D ¡eTQe ¡ ²T
h B.t/TPe ¡ QÁT OWB.t/TPe ¡ OÁT QWB.t/TPe

C tr. QW T 2
PQW / C QÁT

3
PQÁ (16)

where Q D ¡ 1
2 .J TP C PJ /. Because J is Hurwitz, the Lyapunov

function can always be found and has a unique solution. Noting in
Eq. (16) that

tr. QW T 2
PQW / D

pX

i D 1

QwT
i 2 PQwi (17)

OÁT QWB.t/TPe D
pX

i D 1

OÁT Qwi B.t/T
i Pe (18)

Eq. (16) becomes

PV D ¡eTQe ¡ ²T
h B.t/TPe C QÁT

[¡ OW B.t/TPe C 3
PQÁ]

C
pX

i D 1

£
¡ QwT

i
OÁB.t/T

i Pe C QwT
i 2 PQwi

¤
(19)

where PQwi is the i th column of matrix PQW and B.t/i is the i th column
of matrix B.t/.

If PQwi and PQÁ are selected as

PQwi D 2¡1 OÁB.t/T
i Pe; i D 1; : : : ; p (20)

PQÁ D 3¡1 OWB.t/TPe (21)

then Eq. (19) becomes

PV D ¡eTQe ¡ ²T
h B.t/TPe (22)

PV can be demonstrated nonpositive according to Eq. (10),

PV · ¡kek¸min.Q/kek C kekkPkkB.t/k²H (23)

Let kB.t/k²H D ±²h . It can then be derived directly that PV is non-
positive when

kek ¸
kPk

¸min.Q/
±²h D Ea (24)

With the use of the universal approximation proposition,20 by
increasingthe number h, ²H can be reducedarbitrarilysmall, which
means that Ea tends to zero when h ! 1, and the negativenessof
the Lyapunov function can be guaranteed, resulting in the stability
of the overall system.

Because PQwi D Pw¤
i ¡ POwi ,

PQÁ D PÁ¤ ¡ POÁ, and Pw¤
i D 0 and PÁ¤ D 0, the

tuning rules are

POwi D ¡2¡1 OÁB.t/T
i Pe; i D 1; : : : ; p (25)

POÁ D ¡3¡1 OWB.t/TPe (26)

D. Robustness Analysis
From the preceding derivation, it can be seen that using the pro-

posed method, provided Assumption 2 stands, the nonlinear matrix
A.t/ and B.t/ need not be known exactly. However, because the
tuning rules derived involve the prior knowledge of matrix B.t/,
the robustness of the tuning laws analyzed in case B.t/ is partially
known or unknown (actuator fail or model error).

In case 1, matrix B.t/ varies, but satis� es B.t/ D k.t/B0, where
B0 is a known nominal value. In case 1, k.t/ is a positive scalar
varying with time.

Provided the weight tuning rule and the tuning rule of Á are given
separately as

POwi D ¡k2¡1 OÁBT
0i Pe; i D 1; : : : ; p (27)

POÁ D ¡k3¡1 OWBT
0 Pe (28)

PV can be demonstrated negative using the same condition as in
Eq. (24). In implementation, k can be replaced by a positive scalar
´. Because ´ and k have the same sign, the system’s convergence
characteristicwill not change.

In case 2, B.t/ is unknown and is representedby a nominal value
plus its variation, B.t/ D B0[I C 1B.t/].

Assume that k1B.t/k · M . M is the upper bound for the uncer-
tainty.The derivativeof Lyapunovfunctionof Eq. (15) is reanalyzed
and is given by

PV D ¡eTQe ¡ eTP[B0 C B01B.t/]² ¡
£

QÁT OwB01B.t/Pe

C OÁT QW B01B.t/Pe
¤

C QÁT ©
¡ OW [B0 C B01B.t/]TPe

C 3
PQÁ/

ª
C

pX

i D 1

£
¡ QwT

i
OÁ.B0i C B0i 1Bi /

TPe C Qwi
T 2 PQwi

¤
(29)

When the weight tuning rule and the tuning rule of Á using B0 are
rewritten,

POwi D ¡2¡1 OÁBT
0i Pe; i D 1; : : : ; p (30)

POÁ D ¡3¡1 OWBT
0 Pe (31)

then

PV D ¡eTQe ¡ eTP[B0 C B01B.t/]²h ¡ .QÁT Ow C OÁT QW /B01B.t/Pe

(32)

Reanalyzing PV , we have

PV · ¡kek¸min.Q/kek C kekkPkkB0kkI C 1B.t/k²H

C k Q8T OW C O8T QWkkB0kk1B.t/kkPkkek (33)
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Because kI C 1B.t/k²H · ± 0
²h

, and de� ning k. QÁT OW C OÁT QW /k
kPk D ³. QÁ; QW / to be brief, it can be derived directly that PV is non-
positive when

kek ¸
kPkkB0k
¸min.Q/

±0
²h

C
kPkkB0k
¸min.Q/

³. QÁ; QW /k1B.t/k D Ea C Elm

(34)

In the preceding equation, Ea is caused by the approximation in-
accuracy ²h , and Elm is caused by the product of the learning error
El.k. QÁT OW C OÁT QW /k/ and modeling error Em .k1B.t/k/.

The following remarks can be made:
1) If there is neitherapproximationerror, that is, ²h D 0, normodel

error, that is, 1B.t/ D 0, from Eq. (33), PV is negative semide� nite,
and, hence, the stability of the overall scheme is guaranteed.

2) The approximationerror Ea is related to the number of hidden
neuronsused in the RBFN. Given enoughhidden units, this number
converges to a very small number.

3) The second error item Elm is a combination of the learning
error and modeling error. The product of ³ and 1B.t/ indicates
that, even under large model error 1B.t/, if the RBFN learns the
desired value W ¤ and Á¤ correctly, Elm is still very small.

4) Matrix B.t/ plays a very important role in the strategy. It is
better to use some strategies to identify this matrix or incorporate a
robust control strategy to obtain good performance.

Fig. 2 Desired trajectory and traditional controller response.

E. Implementation of the Tuning Rule
In Eq. (26), the Gaussian function OÁ is embedded with the

centers’ locations O¹ and widths O¾ , that is, OÁ D Á. O¹; O¾ ; ³ /. When
all of the adaptable parameters are combined into a big vector,
Â D [ OwT

1 ; O¹T
1 ; O¾1; : : : ; OwT

h ; O¹T
h ; O¾h ]T , a simple updating rule for Â

can be derived. Because the real implementation is carried out in a
discrete-time framework, the updating laws are also derived under
discrete form.

First, Eq. (25) can be converted into

POwi D ¡2¡1 OÁ BT
i Pe; i D 1; : : : ; p

) POW
T

D ¡B.t/T Pe OÁT ) POw j D ¡B.t/T Pe OÁ j

j D 1; : : : ; h; 2 D I (35)

where Ow j , a column vector, is the j th row of matrix OW .
De� ne Og D OW T OÁ as the output of the RBFN. Then, OÁ is the deriva-
tive of Og. / to the weights Ow. This equation can be converted into a
discrete form,

Owi .n C 1/ D Owi .n/ ¡ ´1
@ Og

@ OwT
i

B.t/TPe.n/; i D 1; : : : ; h (36)
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Next, from Eq. (26),

1 OÁ.n/ D OÁ.n C 1/ ¡ OÁ.n/ D ¡´23¡1 OWB.t/TPe.n/ (37)

As mentioned, the Gaussian function OÁ D Á. O¹; Oµ ; ³ / and the
RBFN’s output Og D OW T OÁ; therefore, the updating laws for centers
and widths of the basis functions become

O¹i .n C 1/ D O¹i .n/ C ´3
@ OÁ.n/

@ O¹T
i

1 OÁ.n/ D O¹i .n/

¡ ´2´3
@ OÁ.n/

@ O¹T
i

OW B.t/TPe.n/ D O¹i .n/ ¡ ´2´3
@ Og

@ O¹T
i

B.t/TPe.n/

i D 1; : : : ; h (38)

O¾i .n C 1/ D O¾i .n/ C ´4
@ OÁ.n/

@ O¾ T
i

1 OÁ.n/ D O¾i .n/

¡ ´2´4
@ OÁ.n/

@ O¾ T
i

OW B.t/TPe.n/ D O¾i .n/ ¡ ´2´4
@ Og

@ O¾ T
i

B.t/TPe.n/

i D 1; : : : ; h (39)

Fig. 3 RBFN response under normal condition.

In the preceding equations,´1 , ´2, ´3 , and ´4 are positive scalars to
be selected properly. Integrating Eqs. (36), (38), and (39) by using
the vector Â, the updating rule is

Â.n C 1/ D Â.n/ ¡ ´®.n/B.t/TPe.n/ (40)

where ´ is learning rate. Here, ®.n/ D rx Og.³n/ is the gradient of
the function Og. / with respect to the parameter vector Â evaluatedat
Â.n ¡ 1/, and

®.n/ D
£ OÁ1; OÁ1

¡
2 Ow1

¯
O¾ 2

1

¢
.³n ¡ O¹1/

T ; OÁ1

¡
2 Ow1

¯
O¾ 3

1

¢

k³n ¡ O¹1k2; : : : ; OÁh ; OÁh

¡
2 Owh

¯
O¾ 2

h

¢
.³n ¡ O¹h/T ;

OÁh

¡
2 Owh

¯
O¾ 3

h

¢
k³n ¡ O¹hk2

¤T
(41)

Because the number of hidden neurons of the RBFN is � xed in
this scheme, the approximation error Ea is quite large at the initial
learning period. If kek < Ea , then it is possible that PV > 0, which
implies that the parameters of the network may drift to in� nity. A
common way to avoid this problem and to ensure the convergence
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of approximation error is to incorporate a dead zone in the tuning
rules.7 The tuning rule is given now as

Â.n C 1/ D
»
Â.n/ ¡ ´®.n/e.n/ if kek ¸ e0; kwk · h

1
2 M

Â.n/ otherwise
(42)

In Eq. (42), M is a positive scalar, h1=2 M is an upper bound
on kWk (Euclidean norm of weight vector), and e0 is selected as
the required accuracy on the state error e. According to Eq. (24),
the size of the dead zone should be set to Ea , so that if the error
kek < Ea , the tuning is stopped and the parameters will not drift
away. Unfortunately,because ²H is time varying and unknown, the
exact value for Ea can not be estimated; therefore, e0 is used in the
place of Ea.t/. If e0 > Ea , then PV is always negative. If e0 < Ea ,
when the error kek converges to e0 < kek < Ea , then PV may be
positive, and in this case the upper bound h1=2 M is used to prevent
the parameter from drifting away.

IV. Simulation Results
In Ref. 4, Sadhukhanand Fetieh presentedan exact inverseneuro-

controller for the linearized longitudinaldynamics of an F8 aircraft

Fig. 4 RBFN response under 70% model error.

model, Px D AxCBu. The linearizedlongitudinalmodelof theF8 air-
craft is obtained under the following trim condition:v.0/ D 650 ft/s
(Mach number 0.6), ®.0/ D 0:078 rad, and altitude 20;000 ft. The
state vector x comprises the velocity v, angle of attack ®, pitch rate
q, and pitch angle µ . The control inputs u include the elevator’s
output ±ea and the throttle’s output ±ta. Physical constraints on the
elevator are de� ned as ¡26:5 · ±ea · 6:75 deg. Simulation studies
show that the controllerprovidedstableand near desiredresponsein
the presenceof modeling uncertaintyup to 30% (all of the elements
of matrices A and B are changed by 30%). However, under 40%
model error, the velocity oscillates in the � rst few seconds, though
eventully settling.

With the traditional feedback controller and the RBFN con-
troller’s online learningability, it is shown that the proposedscheme
can tolerate more serious fault conditions. To assess the perfor-
mance of the neuro-� ight-controller,the model errors are simulated
by changing all of the elements of the state matrix A and control
matrix B by 70%. Although simulation studies show that the neuro-
controllercanalsobe applied to control the systemevenwhen model
error is greater than 70%, the results indicate that elevator actuator
saturationwill be the limiting factor, resulting in deteriorationof the
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trackingperformance.The proportionalcontrollergain was selected
as

K p D
µ

¡0:01 0:002 2:92 0:02

¡2:02 0 ¡0:12 ¡0:30

¶

to satisfyAssumption2, and goodperformanceis observed in nomi-
nal conditionfromFig. 2. However, fromFig. 2, it canbe seen thatby
using the traditional controller alone, in the case of the 70% model
error, the tracking resultsdeteriorategreatly.Hence, the RBFN con-
troller is added in cascade with the aircraft, to improve the tracking
accuracyby learning the inverse dynamics of the system.The aim of
the study is to compare the tracking accuracy of velocity and pitch
rate using a fully tuned RBFN and a traditional RBFN with � xed
centers and widths.

At the start of the online learning,accordingto the a priori knowl-
edge, the number of hidden units are frozen to 6 and 15 separately.
The centers of the hidden units are � xed with a grid method de-
scribed in Ref. 21, and their widths are set to 0.5. Figure 3 plots the
trackingperformanceunder the normalcase,whereasFig. 4 is under

Fig. 5 Evolution of tracking errors under 70% model error.

70% model error. Figure 3 indicates that under the nominal condi-
tion,becauseof theexistenceof thepredesignedfeedbackcontroller,
all of the strategies can achieve good performance.However, when
there is 70% model error, a better tracking result is observed using
fully tunedRBFN. From Fig. 4, it can be easily seen that, using fully
tuned RBFN, the tracking performance is quite good with only six
hidden units, whereas if only the weights of the RBFN are updated,
it is obvious that the controller can not track the desired commands
correctly.Although increasingthe number of hidden units to 15 im-
proves the performance, it is still not as good as the RBFN with all
of the parameters tunned. Figure 5 depicts the evolution of track-
ing errors of both velocity and pitch rate. A detailed quantitative
comparison in terms of the average E .av/ and peak tracking er-
rors E.max/ for different sized RBFN is given in Table 1 (all of the
results are comparedunder 70% model error). This phenomenonin-
dicates that in using a traditionalRBFN, a priori knowledge should
be accurately embedded into the centers and widths of the hidden
units. However, with a fully tuned RBFN, because its centers and
widths can be modi� ed during the online learning, this requirement
is not so stringent.
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a) b) c)

Fig. 6 Control inputs (RBFN with six hidden units): a) normal, b) model error (tuning weights), and c) model error (fully tuned) (the dotted line is
the output of the conventional controller, and the solid line refers to the output of the RBFN controller).

Table 1 Tracking results comparison using RBFN

Tracking errorNetwork Adapted Hidden
structure parameters units Ev .max/ Ev .av/ Eq .max/ Eq .av/

RBFN wi 6 6.78 3.37 2.79 0.68
RBFN wi ; ¹i ; µi 6 1.02 0.11 2.78 0.09
RBFN wi 15 4.96 0.83 2.67 0.22
RBFN wi ; ¹i ; µi 15 0.92 0.042 2.63 0.062

It is shown in Fig. 6 how the inverse dynamics can be tolerated
online by the RBFN. The continuous line in Figs. 6 represents the
outputs of the RBFN controller, whereas the dotted line represents
the conventionalcontroller’s outputs. For an RBFN controller with
only the weights tuned, the outputs of the two controllers under
the nominal condition and model error are given in the left column
(Fig. 6a) and middle column (Fig. 6b), respectively. It can be seen
from the Figs. 6a and 6b that, in the initial period, the conventional
controllercontributesa lot to maintain the performancewhereas the
RBFN’s outputs are varying, which indicates a process of learning.
In the nominal condition, after 10 s, the steady outputs are all due
to the RBFN controller, and the outputs of the feedback controller
shrinks to zero, which means that the RBFN has learned the sys-
tem inverse.However, under model error, the traditionalRBFN fails
to catch up with the inverse dynamics of the system. This is actu-
ally caused by the incorrect centers and widths used. Compared to
Fig. 6b, it is shown in the right column (Fig. 6c) that, with a fully
tuned RBFN, the changes in the model dynamics can be grasped
quickly.As a result, the control inputs generated are mainly formed
by the RBFN controller. Note that they are well within the limits
without saturation.

V. Dynamic Structured RBFN
and Comparison Results

To implement a fully tuned RBFN as discussed in the preceding
sections, the number of the hidden neurons should be selected a
priori by an ad hoc or trial-and-error procedure. However, in the
case of approximating the inverse dynamics of a very complicated
system, this procedure will waste a lot of time, and super� uous
hidden neuronswill be added to the network. To avoid this problem,

the performance of the dynamic structured RBFN are investigated.
The � rst are RBFN with growing strategy (GRBFN) and the second
are RBFN incorporatingboth growing and pruning strategies (GAP
RBFN).

For sequential learning of RBFN, Platt22 proposed a resource al-
locating network (RAN), where hidden neurons are added based
on the novelty of the new data. Lu et al.23 extended Platt’s algo-
rithm by incorporatinga pruning strategy so that those neurons that
consistently made little contribution to the network output are re-
moved. The resultingnetwork, known as minimal RAN, was shown
to be even more parsimonious for several applications in the areas
of function approximationand nonlinear system identi� cation than
RAN, with better accuracy. The same GAP strategy as described in
Refs. 22 and 23 will be utilized in this section to design the GRBFN
controller and GAP RBFN controller.The simulations are intended
to compare the tracking accuracy as well as the resulting network
complexity using RBFN and dynamic structured RBFN (including
GRBFN and GAP RBFN).

Figure 7a shows the tracking result under model error using
GRBFN and GAP RBFN separately, and Fig. 7b describes the his-
tory for the hidden neurons. From Figs. 7a and 7b, it can be seen
that the network gradually learns the system inverse by recruiting
new hidden units according to the novelty of the input data. The
results also illustrate that, using the fully tuned strategy, the out-
put error is much smaller than the RBFN with only the weights
tuned, and the network is more compact (less hidden neurons).
The other phenomenon re� ected in Figs. 7a and 7b is that, with
a GAP RBFN, a more compact network structure can be imple-
mented. Even compared to the fully tuned GRBFN and tracking
error, use of the two dynamic structured RBFN gives very close
results.

Quantitative comparisons are given in Table 2. It is shown in Ta-
ble 2 that, using GRBFN, with only the weights tuned, 24 hidden
neurons are used and that the average tracking errors for veloc-
ity and pitch rate are 0.79 and 0.21, respectively. With fully tuned
GRBFN, thesenumbersdecrease to 0.06 and 0.074, and the number
of hidden units used is only 10. When compared with fully tuned
GRBFN, with a pruning strategy, the GAP RBFN can achieve even
better performance, that is, less hidden neurons (only four units
are needed) and small trackingerror [Ev .av/ D 0:026 and Eq .av/ D
0:037].
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Table 2 Tracking results comparison using different RBFN structures

Tracking errorNetwork Adapted Hidden
structure Initialization parameters units Ev .max/ Ev .av/ Eq .max/ Eq .av/

RBFN Grid wi 15 4.96 0.83 2.67 0.22
RBFN Grid wi ; ¹i ; µi 15 0.92 0.042 2.63 0.062
GRBFN No need wi 24 3.67 0.79 2.75 0.21
GRBFN No need wi ; ¹i ; µi 10 1.69 0.06 2.55 0.074
GAP RBFN No need wi ; ¹i ; µi 4 0.69 0.026 1.75 0.037

a) Dynamic structured RBFN response under model error

b) Evolution of hidden neurons

Fig. 7 System performance using different network structures.

VI. Conclusions
A stable online learning control strategy for a fully tuned RBFN

is presented based on the feedback-error-learning scheme, with
the aim of improving the tracking accuracy of the control system.
The Lyapunov stability theory is utilized to derive a stable tuning
rule for updatingall of the parametersof the RBFN and to guarantee
the local stabilityof the overall system. Simulation studies based on
an F8 aircraft system demonstrate the bene� ts of using the fully
tuned strategy and also con� rm the theory. Further studies on the

network implementation reveal that dynamic structured RBFN can
generate a more compact network structure with a small tracking
error, which is especially useful in the practical realization.
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